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Regular andMach reflections of shockwaves from the symmetry plane in a steadyMach 4 flowof amonatomic gas

have been numerically studied with the use of the continuum (Navier–Stokes) and kinetic (direct simulation

Monte Carlo) simulations. Results of the computations demonstrate a prominent effect of flow viscosity and heat

conduction in the vicinity of the shock intersection, where the flow parameters depart from the values prescribed by

the inviscid theoretical solutions. The reasons for these discrepancies are discussed.

Nomenclature

g = distance from the trailing edge of the wedge to the plane
of symmetry

Kn = Knudsen number
M = Mach number
p = pressure
Pr = Prandtl number
R = gas constant
Re = Reynolds number
T = temperature
w = length of the wedge along its windward side
� = shock angle of incidence
� = heat capacity ratio
� = angle of flow deflection
�w = wedge angle of attack
� = mean free path
� = dynamic viscosity
! = exponent in power-law dependence of viscosity on

temperature

Subscript

1 = freestream flow parameters

I. Introduction

S TEADY shock wave reflections and interactions are very
important in supersonic aerodynamics. Shock/shock inter-

actions of various types can occur on supersonic and hypersonic
aircraft during maneuvers and in cruise flight. Shock waves
propagating from the nose of an aircraft can interact with shocks
generated by other elements of the aircraft, such as wings, fins, inlet
cowls, etc. Regular and irregular interactions of different types are

inherent in such critical phenomena as off-design inletflows and inlet
starting.

Steady shock wave reflection has been extensively studied in
recent years with an emphasis on strong shock waves, that is, at flow
Mach numbers higher than 2.2 in air. This Mach number range is of
primary importance for prospective hypersonic vehicles. These
recent studies are mainly focused on the existence of two possible
steady shock reflection configurations, regular andMach reflections,
in the dual solution domain, and the hysteresis phenomenon in the
transition between them. A review of these studies can be found in
[1]. Case distinction between weak and strong shock wave
reflections is discussed in [2].

Classical theoretical methods such as the shock polar analysis and
the three-shock theory based on Rankine–Hugoniot jump conditions
across oblique shocks were developed by von Neumann [3] to
describe shock wave configurations for various flow parameters
and to predict transitions between different types of shock wave
interaction. It is assumed that all shocks have negligible curvature and
thickness. These theoretical methods predict well most of the features
of shock wave interaction, at least for strong shocks. However, there
are situations where the von Neumann theory fails. In reflection of
weak shock waves (i.e., at flowMach numbers lower than 2.2 in air),
there is a range of flow parameters where the von Neumann three-
shock theory does not produce any solution, whereas numerous
experiments andnumerical simulations (e.g., [4]) reveal a three-shock
structure similar to the Mach reflection pattern. This inconsistency is
usually referred to as the von Neumann paradox. One of the possible
approaches to resolve the von Neumann paradox is to account for
viscous effects in the vicinity of the triple point [5].

In reflection of strong shock waves the effects of flow viscosity
and shock curvature manifest themselves in a small vicinity of
shock intersection. These phenomena, however, may affect the
transition between regular and Mach reflections for flow parameters
corresponding to the dual solution domain, where both types of
steady reflections are possible.

The structure of three-shock intersection in Mach reflection of
strong shock waves was studied in [6] for a shock wave diffracting
over a wedge, that is, in a pseudosteady case. The results of these
shock tube experiments suggest the existence of a hot spot near the
triple point. This conclusion was made based on the analysis of the
schlieren photographs that showed some traces of the triple point
trajectories. The inviscid computations clearly indicated the presence
of spikes in temperature and pressure distributions immediately
behind the triple point, a phenomenon that was not predicted by the
three-shock theory. Unfortunately, the reason for the formation of
these spikes could not be determined in [6] because the flowfield in
the vicinity of the triple point was affected by the numerical
dissipation inherent in any shock-capturing inviscid flow solver
rather than by physical transport phenomena.

In this paper we study the reflection of strong shock waves with
allowance for flow viscosity and heat conduction. The computations
performed with the Navier–Stokes and the direct simulation
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Monte Carlo (DSMC) flow solvers resolve the internal structure of
shock waves and the region of shock intersection and, thus, can help
clarify physical mechanisms that govern the flowfield close to the
triple point.

II. Problem Formulation and Flow Conditions

We studied the reflection of an oblique shock wave with an angle
of incidence � generated by a wedge in a steady flow with a Mach
number M� 4 from the plane of symmetry as shown in Fig. 1. To
eliminate possible effects of internal degrees of freedom, aflowof the
monatomic gas argon with a ratio of specific heats � � 5=3 and a
Prandtl number Pr� 0:66 was considered. We examined two cases
with wedge angles �w � 15 deg (regular reflection, RR) and �w �
25 deg (Mach reflection, MR) with the corresponding shock polar
solutions shown in Fig. 2. In the first case, a reflected shock (RS)
wave is formed at the intersection point of the incident shock IS and
the plane of symmetry. Theflow that passes through theRS returns to
its original direction parallel to the freestream. The pressure behind
the reflected shock corresponding to the intersection of the IS and RS
polars is p=p1 � 12:93. The Mach number behind the reflected
shock remains supersonic, and its theoretical value isM� 1:725. In
the second case �w � 25 deg, there is no regular solution, and anMR
pattern is produced instead. The three-shock solution marked as MR
in Fig. 2 predicts the values of pressure and flow deflection at the
triple point p=p1 � 19:57 and �� 12:42 deg, respectively. A
slipstream, that is, a contact discontinuity, emanates from the triple
point T due to inequality of entropy in the flow passing through the
incident and reflected shocks and the flow passing through theMach
shock. The flow behind the Mach shock is subsonic and is gradually
accelerated back to supersonic speed owing to influence of expan-
sion waves emanating from the trailing edge of the wedge and
transmitted through the reflected shock.As a result, a closed subsonic
pocket is formed behind the Mach stem. The size of the subsonic
zone and, consequently, the position of the Mach stem are governed
by the location of the leading characteristic of the expansion fan (EF),
that is, depending on the geometry of the problem. TheMach number
values behind the reflected shock and the Mach shock are, respec-
tively, 1.151 and 0.5158. On the plane of symmetry, where theMach
stem is normal to the flow, the pressure behind the shock is p=p1�
19:75, and the corresponding Mach number value is 0.4904.

The length of the wedgew along its windward sidewas used as the
characteristic length scale. The geometry of the problem is described
by the parameter g=w, which is the normalized distance from the
trailing edge of the wedge to the symmetry plane.

III. Numerical Techniques

The numerical study is conducted with the continuum and
kinetic approaches. The continuum simulations are based on finite-
difference solution of the full two-dimensional Navier–Stokes
equations of a compressible gas. Kinetic simulations use the
(DSMC) [7] for numerical solution of the nonlinear Boltzmann
equation. The DSMC method uses model particles, each of which
represent a large number of real molecules. The DSMC simulation
involves molecular movement and collision stages. The movement
of the model particles in physical space is simulated in a realistic

manner solving the equations of motion for each particle, and
intermolecular collisions and collisions with surfaces are described
with the phenomenological models. The DSMC method is widely
used for simulation of rarefied and near-continuum flows. Two
different simulation approaches were used to ensure that the results
of the computations represent physical phenomena and not a
numerical artifact. The region of shock wave intersection (e.g., the
triple point) is a zone for which the characteristic length scale is
compared with the shock wave thickness [5], which is a few dozens
of mean free paths �. Because of the large gradients of the flow
parameters and gas nonequilibrium inside the shock waves the
applicability of the Navier–Stokes equations to describe the fluid
dynamics within the shock intersection region cannot be taken for
granted. It seems essential that the results of the Navier–Stokes
computations be compared with the results obtained by the DSMC
method, which uses a physically realistic approach for modeling the
gasflow.Cross comparison of the results is also important because of
the lack of the experimental data on the flow structure in the close
vicinity of the shock intersection.

The Navier–Stokes code [8] is a time-explicit shock-capturing
code based on fifth-order weighted essentially nonoscillatory
reconstruction [9] of convective terms and a mixed, central-biased,
fourth-order approximation of dissipation terms. The computations
were run in a rectangular computational domain (see Fig. 3) with
uniform grid spacing. The left boundary of the computational
domain is a supersonic inflow with the freestream flow parameters
imposed. The right boundary of the domain was placed far
enough downstream to ensure supersonic outflow conditions there.
Extrapolation of the flow variables was used to impose boundary
conditions at the outflow. At the lower boundary of the domain,
symmetrical boundary conditions (mirror reflection) were used. The
upper boundary was placed at y� g corresponding to the vertical
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position of the trailing edge of the wedge. The boundary conditions
on the upper boundary were specified in a complex manner to
maintain flow conditions at the horizontal line y� g. Supersonic
freestream conditions were specified along the segment 1–2 of the
upper boundary (see Fig. 3). The segment 2–3 corresponds to the
intersection of the upper boundary with the incident shock, where in
the viscous case a smooth variation of the flow parameters inside the
shock wave should be specified. For the internal structure of the
shock wave we used the analytical solution of the one-dimensional
Navier–Stokes equations that can be found in [10]. Along the line
segment 3–4 the flow parameters corresponding to Rankine–
Hugoniot conditions behind the incident shockwere imposed. Along
the segment 4–5 the inviscid wall (symmetry) boundary conditions
were used. The computations were started with a uniform supersonic
flow filling the entire computational domain. The numerical solution
was then advanced in time with the second-order Runge–Kutta
scheme until a steady state was achieved. Convergence to the steady
state was establishedwhen the variation of the right-hand sides of the
Navier–Stokes equations at a given time step in L1 and L1 norms
dropped below a certain small value. Additionally, the characteristic
flow features, such as shock positions, were also monitored during
the computations to ensure their time independence.

The DSMC simulations are performed with the SMILE code [11],
which uses the majorant frequency method for computing collision
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integrals. The computational domain was similar to the domain used
in the Navier–Stokes computations (see Fig. 3). Separate rectangular
grids were used for modeling molecular collisions and sampling the
gas dynamic parameters. The first grid was uniform, and its linear
size was less than the minimum value of the mean free path in the
computational domain. The second grid was condensed in the zones
of interest: the Mach stem and the point of the shock reflection from
the symmetry plane for Mach and regular reflection, respectively. At
the initial moment, the domain was populated by the model particles
according to the Maxwell distribution function corresponding to the
freestream parameters. Freestream conditions were imposed on
the left boundary and on a portion of the upper boundary of the
computational domain. The right (downstream) boundary was
selected so that the flow there was supersonic. A specular reflection
condition was used at the lower boundary (the symmetry plane), the
wedge surface, and the part of the upper boundary (y� g).

The computations properly resolved the internal structure of the
shock waves. A sequence of grids was used to perform a grid
resolution study. It was found that the results were independent of
grids if the value of the Reynolds number based on the grid cell size
was in the range from 2 to 4.

The power-law dependence of the dynamic viscosity coefficient�
on temperatureTwith an exponent!� 0:81was used in theNavier–
Stokes computations. The variable hard-spheremodel [7] (VHS)was
used in the DSMC computations with the VHS parameter chosen to
provide the same dependence of viscosity on temperature. The
relation between the Reynolds and Knudsen numbers can be
obtained from the formula for the mean free path � in an equilibrium
gas given in [7]. For the VHS model of intermolecular collisions �
can be written as

�� 2�5 � 2!��7 � 2!�
15�1=2

�

�2RT�1=2� (1)

whereR is the gas constant, T is the temperature, and � is the density.
Then the relation between Kn and Re is

Kn� 2�5 � 2!��7 � 2!�
15�1=2

�
�

2

�
1=2 M

Re
(2)

The Reynolds number in the Navier–Stokes simulations and the
Knudsen number in DSMC computations were varied in the course
of our computational study.

IV. Regular Reflection

The flow structure of the regular reflection region obtained in the
Navier–Stokes simulations at Reynolds number Re� 1:0 � 103 is
shown in Figs. 4 and 5. The problem of regular reflection has no
length scale related to the wedge size (in contrast to Mach reflection
where the size of the subsonic pocket behind the Mach stem is
governed by the parameter g=w). In the following we will use the
normalized coordinates x=� and y=� with the origin set at the
reflection point. The latter is defined here as the point in the symmetry
plane where the density reaches the value behind the incident shock.
Flow viscosity causes the formation of a wake behind the regular
reflection region where flow parameters differ from the prediction of
the inviscid theory. This wake is isobaric, and so the pressure behind
the reflection region coincides with the value p=p1 � 12:93
predicted by the shock polar solution. However, the flow inside the
wake is apparently hotter and has lower velocity, which is evident in
Fig. 6. This fact can be explained by the influence of the dissipation
terms in the energy equation, which transfer part of the flow kinetic
energy into heat. The phenomenon is illustrated in Fig. 5 as variation
of the total enthalpy of the gas flow. The total enthalpy is normalized
to its freestream value ht1. As can be expected, ht inside the shock
waves is higher than its freestream value owing to nonequilibrium of
dissipation and heat conduction. (Note, the present computations
were performed for argon with a Prandtl number Pr� 0:66.
Becker’s constant-enthalpy solution [12] is valid for Pr� 3=4).
Behind the planar portions of incident and reflected shocks ht

restores its freestream value to obey theRankine–Hugoniot relations.
Inside the wake, ht falls below its freestream value due to excessive
dissipation of the kinetic energy. The vertical size of thewake has the
order of 10�, that is, is comparable with the shock wave thickness.
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Farther downstream, due to laminar mixing in the wake boundary
layers, thewake is gradually equalizedwith the externalflow, and the
flow parameters tend to the values prescribed by the two-shock
solution. However, the presence of the wake is still observed at the
downstream boundary of the domain, which is located at x=�� 250.

The results of our additional computations, not presented here,
performed with the Navier–Stokes code at Pr� 3=4, that is, in a
constant-total-enthalpy case, have shown a far less pronounced
effect. In this case, the total enthalpy and temperature slightly
increase in the plane of symmetry behind the reflection region,
whereas the pressure and velocity coincide with the values pre-
scribed by the inviscid solution.

V. Mach Reflection

The Mach number flowfield for Mach reflection at �w � 25 deg is
shown in Fig. 7. The overall flow structure is similar to the
conventional inviscid Mach reflection pattern. The results shown in
the figure clearly display a closed subsonic pocket behind the Mach
stem. As mentioned in Sec. II, the expansion waves of the EF
centered at the trailing edge of the wedge provide necessary flow
acceleration (see flow schematics in Figs. 1b and 3). Expansion

waves are transmitted through theRS and interact with the slipstream
(with the mixing layer in a viscous case) inducing negative pressure
gradient in streamwise direction. As a result, a virtual converging–
diverging nozzle is formed by the curved mixing layer. The initial
subsonic flow behind the Mach stem is accelerated in this virtual
nozzle to a supersonic velocity. The results of the computations
presented in this section were obtained for a geometrical parameter
g=w� 0:75. Figure 8 is an enlarged view of the flowfields near the
three-shock intersection obtained by the DSMC method at a
Knudsen numberKn� 0:001 and the corresponding Navier–Stokes
solution at a Reynolds number Re� 5:0 � 103. According to
the three-shock theory, the pressure behind the reflected shock and
Mach stem should be equal to p=p1 � 19:57 in this case, but the
computations reveal an elevated pressure region with a maximum
valuep=p1 � 21. The presence of such a high-pressure spot behind
the triple point is consistent with the results of Euler simulations [6]
discussed in Sec. I, but in our case it is the effect of physical rather
than numerical dissipation. The results of DSMC andNavier–Stokes
computations are very close to each other (cf. Figs. 8a and 8b), so that
specific pressure contours become indistinguishable if the two
flowfields are overlaid. A detailed comparison of these numerical
results with the theoretical predictions is given in Fig. 9, where the
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values of pressure and flow deflection angle � extracted from the
numerical flowfields immediately behind the Mach stem and the
reflected shock are plotted against the analytical shock polar solution
in the ��; p� plane. The valueswere taken along the contour, at which
the pressure gradient was equal to 1–5%of its maximumvalue inside
the shock. It is seen from Fig. 9 that the numerical values deviate
from the theoretical polar, beginning from a certain angle of flow
deflection �� 8 deg. The maximum pressure is greater than the
pressure predicted by the three-shock theory by 8% for the DSMC
calculation and by 12% for the Navier–Stokes equations. The
maximum angle of flow deflection exceeds its value predicted by the
three-shock theory for both DSMC and Navier–Stokes computa-
tions. As can be seen in Fig. 9, the portion of the Mach shock below
point A is perfectly described by the incident shock polar: the
numerically obtained values of pressure and flow deflection are very
close to the incident shock polar. Though theMach shock angle to the
oncoming flow is continuously changing, the shock curvature is
negligible, and the flow parameters obey the Rankine–Hugoniot
relations. The same applies to the B–C portion of the reflected shock,
where the numerically obtained values of pressure and flow
deflection are very close to the reflected shock polar. The portion of
the reflected shock that is higher than point C lies in the region where
the reflected shock is influenced by the expansionwaves propagating
from the trailing edge of the wedge. The shock intersection region
between point A on the Mach shock and point B on the reflected
shock is not governed by the Rankine–Hugoniot relations and
produces excessive pressure. The flowfield between points A and B
may be termed as a non-Rankine–Hugoniot zone. This term was
introduced in [5] to explain the existence of the irregular shock wave
configuration under the von Neumann paradox conditions. As the
present study shows, such a viscous transition zone is also observed
in reflection of strong shock waves, where the three-shock solution
exists.

It is well known that the spatial scales of viscosity, including the
width of the shock, are determined by the mean free path of
molecules in the gas. To analyze the effect of viscosity on the
flow structure in the vicinity of the triple point, we compared the
flowfields for different Knudsen numbers in coordinates normalized
to themean free path in the freestream: x=� and y=�. Figure 10 shows
the pressure and Mach number in the vicinity of the triple point in
normalized coordinates for Knudsen numbersKn� 1:0 � 10�3 and
Kn� 5 � 10�4. The origin of both coordinates was shifted to the
center point of the three-shock intersection. The pressure and Mach
number contours coincide in the vicinity of the triple point, which
means that theflows in normalized coordinates are similar. As seen in

the pressure field, the x and y sizes of the region with p=p1 > 20
exceed 30�.

The observed region with an excessive pressure behind the three-
shock intersection may be attributed to the deviation of the angles of
the reflected and Mach shocks from the values prescribed by the
three-shock theory. Such a deviation may be caused by flow
displacement in the mixing layer issuing from the triple point.
An analysis of these effects was made in [13]. The slipstream is
considered as a laminar shear layer for which the thickness grows
as the square root of the downstream distance. As a result, the
streamlines are displaced, and the flow deflections behind the re-
flected shock and the Mach stem differ from their inviscid coun-
terparts. At a certain characteristic distance downstream, the slope of
the slipstream boundary can be evaluated on the basis of the
boundary layer theory, and the corresponding corrected flow
deflections and shockwave angles can be obtained. Such a correction
qualitatively agrees with the numerically observed deviations of the
pressure and flow deflection. In this formulation, the reflected shock
and theMach shock have higher intensities compared with the three-
shock solutions and produce higher pressures behind the shock
intersection.

VI. Conclusions

Regular and Mach reflections of shock waves from the symmetry
plane in a steadyMach 4flowof argon have been numerically studied
with Navier–Stokes and direct simulation Monte Carlo flow solvers
with resolution of the internal structure of shock waves. For regular
reflection, the results of the computations demonstrate the formation
of a wake behind the reflection region, a phenomenon that is not
described by the inviscid theory. The gas inside thewake has a higher
temperature and a lower velocity than the external flow outside the
wake. The reason is excessive dissipation in the shock reflection
region, some part of the flow kinetic energy being converted into
heat, which is evident from the total enthalpy distributions. Thewake
thickness is comparable with the shockwave thickness. Downstream
of the reflection point the wake flow is gradually equalized with the
externalflow, but its influence is observed up to the right boundary of
the domain, which is located 250 mean free paths downstream.

In the Mach reflection case, the results of the computations show
thatflowviscosity and heat conduction strongly affect the triple point
region, where the numerical solutions of the Navier–Stokes and
Boltzmann equations depart from the values prescribed by the three-
shock theory. This is manifested in the formation of a high-pressure
spot behind the region of three-shock intersection. The size of this
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region has the order of the shock wave thickness and increases with
increasing flow viscosity. The flowfields in the vicinity of the triple
point obtained at different Knudsen numbers coincide, if plotted in
coordinates normalized to the freestream mean free path. A possible
mechanism of the pressure increase can be the slipstream
displacement in the mixing layer, providing higher intensities of
the reflected and Mach shocks.
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